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Motivation

Consider the following valid assertions in first-order logic:
> DY D¢
> if a & fn(¢p) then ¢ D Va.g
> if a & fn(¢p) then ¢ D ¢fa— t]
> if b & fn(¢) then Va.¢p D Vb.¢[a — b]
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Motivation

Consider the following valid assertions in first-order logic:
>» DY D¢
> if a & fn(¢) then ¢ D Va.¢
> if a & fn(¢) then ¢ D ¢Ja — t]
> if b ¢ fn(¢p) then Va.¢ D Vb.¢[a — b]

These are not valid syntax in first-order logic.
This is because of meta-level concepts:

> meta-variables varying over syntax: ¢, v, a, b, t

> properties of syntax: a & fn(¢), ¢[a — t], a-equivalence
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Motivation (2)

Consider the following derivations in Gentzen's sequent calculus:

(Ax) — (Ax)
Y, ok ¢ p(d),p(c) F p(c)
(OR) (OR)
P D@ R p(c) - p(d) D p(c)
Fo¢DYDo Fp(c) D p(d) D p(c)

And for b & fn(¢):

(Ax) (Ax)
Va.p b Vb.¢[a— b Ve.p(c) F Vd.p(d)
OR) (OR)
F Va.p D Vb.¢[a— b] FVe.p(c) D Vd.p(d)
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Motivation (2)

Consider the following derivations in Gentzen's sequent calculus:

(Ax) — (Ax)
Y, ok ¢ p(d),p(c) F p(c)
—— (OR) (OR)
P D@ R p(c) - p(d) D p(c)
Fo¢DYDo Fp(c) D p(d) D p(c)

And for b & fn(¢):

(Ax) (Ax)
Va.p b Vb.¢[a— b Ve.p(c) F Vd.p(d)
OR) (OR)
F Va.p D Vb.¢[a— b] FVe.p(c) D Vd.p(d)

The left ones are not derivations, they are schemas of derivations.
The right ones might be derivations; they instances of the schemas.
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Motivation (3)

Questions:

» Is there a logic in which these schematic assertions and
derivations are valid syntax too?
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Motivation (3)

Questions:
> Is there a logic in which these schematic assertions and
derivations are valid syntax too?
» First-order logic and its proof systems formalise reasoning.
But also a lot of reasoning is about first-order logic.
So why shouldn’t that be formalised?
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Motivation (3)

Questions:

> Is there a logic in which these schematic assertions and
derivations are valid syntax too?

» First-order logic and its proof systems formalise reasoning.
But also a lot of reasoning is about first-order logic.
So why shouldn’t that be formalised?

One-and-a-halfth-order logic tries to address this by formalising:
> meta-variables (¢, ¥, a, b, t)
» properties of syntax (a & fn(¢), ¢[a — t], a-equivalence)
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Overview

» Definition of One-and-a-halfth-order Logic
> Introduction
» Formal syntax
» Derivability
» Properties of One-and-a-halfth-order Logic
» Proof-theoretical properties
» Equational axiomatisation
» Relation to first-order logic
» Semantics

» Conclusions, related and future work
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Introduction

In the syntax of one-and-a-halfth-order logic:
» Unknowns P, @ and T represent meta-variables ¢, ¢ and t.
» Atoms a and b represent meta-variables a and b.
> Freshness a# P represents a & fn(¢).
» Explicit substitution Pla — T] represents ¢[a — t].
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Introduction (2)

The meta-level assertions in first-order logic
> 9DY D9
> if a & fn(¢) then ¢ D Va.p
> if a & fn(¢) then ¢ D ¢Ja— ]
> if b ¢ fn(¢) then Ya.¢p D Vb.¢[a — b]

correspond to valid assertions in one-and-a-halfth-order logic:
» PODEDP

a#P — P D V|[a]|P

a#P — P D> Pla— T]

b#P — V[a]P D V[b]P[a — b]

vV v Vv
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Introduction (3)

In sequent derivations of one-and-a-halfth-order logic:
» Contexts of freshnesses are added to the sequents.
» Derivability of freshnesses are added as side-conditions.

» Substitutional equivalence on terms is added as two derivation
rules, taking care of a-equivalence and substitution.
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Introduction (4)

The (schematic) derivations in first-order logic

(Ax) —— (Ax)
Vo ¢ p(d),p(c) - p(c)
———— (OR) (OR)
oD R p(c) = p(d) D p(c)
FeDvDo Fp(c) D p(d) D p(c)

correspond to valid derivations in one-and-a-halfth-order logic:

JE— (Ax) (AX)
Q.PF, P (5R) p(d),p(c) k=, p(c)
P, QDP p(c) =, p(d) D p(c)
— ' 5R) S5
F,PDQDP F, p(c) D p(d) D p(c)
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Introduction (5)

The (schematic) derivations in first-order logic, where b & fn(¢),

(Ax) (Ax)
Va.¢p - Vb.¢[a— b] Ve.p(c) F Vd.p(d)

SR) (OR)
F Va.¢ D Vb.¢[a— b] FVe.p(c) D Vd.p(d)

correspond to valid derivations in one-and-a-halfth-order logic:

(Ax) (A%)
v[a]P Foup v[a]P V[clp(c) F, Viclp(c)
(StructR) (1) (StructR) (2)
vla]P ,,, V[b]P[a — b] R V[clp(c) &, V[d]p(d)
Fpsp V[a]P D V[b]P[a — b] F, Viclp(c) D V[d]p(d)

(1) b#P Fgyg V[a]P = V[b]P[a > b]
(2) 0 Fsys VIclp(c) = Vid]p(d)

fdepartment of mathematics and computer science



J U / technische universiteit eindhoven
/e

Formal syntax

Nominal terms

We use Nominal Terms to specify the syntax, since they have
built-in support for:

» meta-variables
> binding

> freshness

Nominal terms allow for a direct and natural representation of
systems with binding.

Nominal terms are first-order, not higher-order.
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Formal syntax

Sorts, atoms and unknowns
Base sorts [ for ‘formulas’ and T for ‘terms’.
Atomic sort A for the object-level variables.
Sorts 7:
Tu=F|T|A|[A]lr
Atoms a, b, c,... have sort A.
They represent object-level variable symbols.

Unknowns X, Y, Z,... have sort 7.
They represent meta-level variable symbols.
Let P, Q, R be unknowns of sort F, and T, U of sort T.
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Formal syntax
Terms

We call 7 - X a moderated unknown.
This represents the permutation of atoms 7 acting on an
unknown term. Write X when 7 is the identity.

Term-formers are of the form f., ...
Terms t, subscripts indicate sorting rules:
tou=apn | (7 Xo)r | ([aa]t)agr | (Fmy,myr (Bys o 8))2
We often drop the sorting subscripts:
t n=a|w-X|[a]t]|f(t1,...,t)
Write f for f() if n = 0.
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Formal syntax

Terms (2)

Term-formers for one-and-a-halfth-order logic:

| 4

vV v v v Y

Lor: false

D(rF)r: implication, write D(¢,1) as ¢ D 1

V(japyr: universal quantification, write V([a]¢) as V[a]¢
~(r,T)F: object-level equality, write ~(t,u) as t ~ u
var(uyr: variable casting, write var(a) as a

sub((ajr,myr, where 7 € {T, [A]T, F, [A]F}:
explicit substitution, write sub([a]v, t) as v[a > ]

> PI(T,.. T)F> - - - Pn(T,... Ty Object-level predicate term-formers

v

fi(r,... )15 - - f(T,...,T)T: Object-level term-formers
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Formal syntax
Terms (3)

Sugar: Tis Lol —-¢iséo L
A is 2(pD )  PVYis 2p DY
peYis (PDY)A(LDP)  Tlalp is ~V[a]-¢

Descending order of operator precedence:

[a] , [~ ] ~, {~,V,3}, {\,V}, D, &

A, V, D and < associate to the right.
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Formal syntax
Terms (3)
Sugar: Tis 1>l —¢is¢DL
pApis (¢ D) PV s mp DY
pevis (eDP)A(@ Do) dlal¢ is —V[a]-¢
Descending order of operator precedence:

[a]_, _[_ = _]7 ~, {—|,V,E|}, {/\7\/}7 o, &
A, V, D and < associate to the right.

We may call terms of sort F formulas.
Example formulas:

P>5Q>P POV[EP P>OPla— T] V[a]P > V[b]P[a— b]
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Formal syntax
Freshness and terms-in-context

Freshness (assertions) a#t, which means ‘a is fresh for t.
If tis an unknown X, the freshness is called primitive.

A freshness context A is a set of primitive freshnesses.

Example freshness contexts:
0 a#X a# P, b#Q

We call A — t a term-in-context; write t if A = ().
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Formal syntax

Assertions

Terms-in-context of sort I represent meta-level assertions of
first-order logic. For example:

» P>DQRDP

a#P — P D V|[a|P
a#P — P> Pla— T]

b#P — V[a]P D V[b]P[a — b]

vV vy
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Formal syntax
Assertions

Terms-in-context of sort I represent meta-level assertions of
first-order logic. For example:

» POQRDP

> a#P — P D V|[a|P

> a#P = P> Plar T]

> b#P — V[a]P D V[b]P[a — b]
represent

> ¢DYP Do

> if a & fn(¢) then ¢ D Va.¢

> if a & fn(¢) then ¢ D ¢fa— t]

» if b ¢ fn(¢) then Va.p D Vb.¢[a — b]
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Derivability

Sequents

Let (formula) contexts ®, W be finite sets of formulas.
For example:

b ¢ 9o 0

A sequent is a triple & -, V.
We may omit empty formula contexts, e.g. writing =, for 0 -, 0.
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Derivability

Sequent calculus
Rules resembling Gentzen's sequent calculus for first-order logic:

— (Ax) —— (LL)
¢, -, VYV, ¢ 1, o,V

PV, 0 Y, P, W ¢, O,V 9
L

o) — (OR)
GO, dE, W O, W, ¢
dlart], O, W Ok, W, 1
% — " (YR) (AF afo,V)
Vialp, d+, W Ok, W, V]

plarmt], G,V ) ————(*R)

(~L ~
t~t, glamt], dF, W AN R4
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Derivability

Sequent calculus (2)

Other rules:
¢, b .V
m (StructL) (A FSUB QZ/)/ = ¢)
’ A
S, ¥, 1)’
m (StructR) (A Foue Y = V)
q) l_AU a#Xy,...,a#X,
;j;’¢#"} (Fresh) (ag ®,W,A)
A

O, W, ¢ ¢ OF, W
Ok, W

(CUt) (A Fsus @ = QS/)
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Derivability

Example derivations in the sequent calculus

Sequent derivation of a#P — P D V|[a]P:
(Ax)
(VR) (a#PF a#P)
OR)

Pr,, P

a#P
Pt,.. V[a]P
k., POV[alP

a#P

Derivation of a##P — P D Pla— TJ:

— (A%)
PF

a#P

Pt Pla— T]

a#P

(StructR) (a#P bty P=Pla— T])
(OR)

Foup PD Plar— T]
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Derivability

Freshness

Write A - a#t when a#t is derivable from A using the following
inference rules:

Ha)#X
%(#ab) X (#X)
a#t b a#ty - a#t, p
a#[a]t(#[]a) a#[b]t(#[]) a#f(tr, ..., ty) #

Here, a and b range over distinct atoms.
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Derivability

Freshness

Write A - a#t when a#t is derivable from A using the following
inference rules:

Ha)#X
%(#ab) X (#X)
a#t b a#ty - a#t, p
a#[a]t(#[]a) a#[b]t(#[]) a#f(tr, ..., ty) #

Here, a and b range over distinct atoms.

Examples:
F a#b F a#V[a]P a#P = a#V[b]P
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Derivability

Equality

Equality (assertions) t = u, where t and v are of the same sort.
Write A bz t = u when t = u is derivable from A using the
following inference rules, where A are axioms from SUB only:

t=u t=u u=v
(refl) (symm) —— (tran)
t=1t u=t t=v
t=u aftt  b#t

ca=c " Gy

[a# X1, ..., a#X,) A

- (axp) AisA—t=u f— g

tho = u"o (fr) (agt,u, D)
t=u
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Derivability
Equality (2)

Axioms of theory SUB:

(var —) ala—T]=T

(# ) afX — X[a—T] = X

(f—) f(X,....Xp)[a— Tl =f(XqJar— T],..., Xp[la— T])
(abs —) b#T — ([b]X)[a — T] = [b](X[a— T])
(ren —) b#X — X[a— b] = (b a)- X
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Derivability
Equality (2)

Axioms of theory SUB:

(var —) ala— T =T

(# ) afX — X[a—T] = X

(f—) f(X,....Xp)[a— Tl =f(XqJar— T],..., Xp[la— T])
(abs —) b#T — ([b]X)[a — T] = [b](X[a— T])
(ren —) b#X — X[a— b] = (b a)- X

Examples:

b#P kg V[a]P = V[b]P[a — b]
Fous X[a— a] = X

Zlar— X][b— Y] =Z[b— Y][la— X[b— Y]]

SUB

a#yY

suB
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Derivability
Equality (2)

Axioms of theory SUB:

(var —) ala—T]=T
(#+~) a#HX > X[a— T =X
(f=)  f(Xy,...,Xp)a— T =f(Xilar— T],..., Xpla— T])
(abs —) b#T — ([b]X)[a— T] = [b ](X[a — T])
(ren —) b#X — X[a— b] = (b a)- X
Examples:
P P P = VPl
Fous X[ a] =
a#Y b Zla— X][b— Y] =Z[b— Y][a — X[b— Y]]

Nominal Algebra is the theory of equality on nominal terms.
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Proof-theoretical properties

Permutation and instantiation

We may permute atoms and instantiate unknowns in derivations.

Theorem
If N is a valid derivation of ® -, WV,
then MN™ is a valid derivation of ®™ |-, W™,

Theorem
If N is a valid derivation of ® -, W and A’ - Ao,
then MN(o, A') is a valid derivation of ®o -,, Vo.

M(o, A’) is T in which:
» each unknown X is replaced by o(X)

» each freshness context A is replaced by A’
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Proof-theoretical properties

Instantiation example

Take the following derivations:

(Ax) — (Ax)

Pto» P p(c) k, p(c)
——— (StructR) (1) (StructR) (2)
Pt PlarT] p(c) ky p(c)la— d]

(OR) (oR)
F..p P D Plar T] F, p(c) D p(c)[a— d]

(1) a#P Fgys P = Pla+— T])
(2) 0 Fsys P(c) = p(c)[a — d])

The derivation on the right is an instance of the one on the left:
» call the left derivation I

» then the right one is MN([p(c)/P,d/T],0),
which is valid because () - a#P[p(c)/P,d/T], i.e. 0  a#p(c)
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Proof-theoretical properties

Cut elimination

Theorem (Cut elimination)
The (Cut) rule is admissible in the system without it.
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Proof-theoretical properties

Cut elimination

Theorem (Cut elimination)
The (Cut) rule is admissible in the system without it.

Corollary
The sequent calculus is consistent, i.e. |-, can never be derived.
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Axiomatisation
Theory FOL

Theory FOL extends theory SUB with the following axioms:

PDQDP:T —P>OP =T TOP =P (Props)
(P>Q)D(QDR)D(PDR) =T LoP =T
Va]P D Pla—T] = T (Quants)
V[a](PA Q) = V[alPAV[a]Q = T
a#P — V[a(POQ) & POV[Q = T
TT=T UxTAPla—T|DPla—U]=T (Eq)

Axioms of the form ¢ = T intuitively mean ‘¢ is true’.
Note that this is a finite number of axioms.
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Axiomatisation

Equivalence with sequent calculus

Sequent and equational derivability are equivalent:

Theorem
For all formula contexts ®,V and freshness contexts A:

¢, Vis derivable iff At " DOV =T.
Here:

» & is the conjunction of all formulas in ®

» WV the disjunction of all formulas in W
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Axiomatisation

Equivalence with sequent calculus

Sequent and equational derivability are equivalent:

Theorem
For all formula contexts ®,V and freshness contexts A:

¢, Vis derivable iff At " DOV =T.
Here:

» & is the conjunction of all formulas in ®

» WV the disjunction of all formulas in W

Corollary
Theory FOL is consistent, i.e. A+, T = L does not hold.
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Relation to First-order Logic

Call a term or a formula context ground if it does not contain
unknowns or explicit substitutions.

Call & - V¥ a first-order sequent when ® and W are ground.
Gentzen's sequent calculus for first-order logic:

— (Ax) — (LL)
¢, PEV, & 1, oWV

dEV, ¢ ¢, OFVY ¢, PEV, ¥
L -

oL) (OR)
oY, PHVY dFHV, o DY

plar t], O W OV, ¢
VL (VR) (a & fn(®, V))

Va.p, O W OF VW, Va.ib
plars t'], W

(=L) DLVt~ (=R)
t'~t, ¢lart], FWV  t
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Relation to First-order Logic (2)

Note that:
> we write Va.¢ for V[a]p
» [a — t] is capture-avoiding substitution
> a ¢ fn(¢) is ‘a does not occur in the free names of ¢’

» we take formulas up to a-equivalence
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Relation to First-order Logic (2)

Note that:
> we write Va.¢ for V[a]¢
» [a — t] is capture-avoiding substitution
> a ¢ fn(¢) is ‘a does not occur in the free names of ¢’

» we take formulas up to a-equivalence

On ground terms, one-and-a-halfth-order logic is first-order logic:

Theorem

& = W js derivable in the sequent calculus for first-order logic, iff
® I, V is derivable in the sequent calculus for
one-and-a-halfth-order logic.
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Semantics

For closed terms t, its ground form t[] is t in which each explicit
substitution v[a — u] is replaced by v[a — u].

Lemma
For closed terms t, ¢, t = t]].

A term-in-context A — ¢ is valid iff ¢o[] is valid in first-order
logic for all instantiations o such that ¢o is closed and F Ao holds.
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Semantics

For closed terms t, its ground form t[] is t in which each explicit
substitution v[a — u] is replaced by v[a — u].

Lemma
For closed terms t, ¢, t = t]].

A term-in-context A — ¢ is valid iff ¢o[] is valid in first-order
logic for all instantiations o such that ¢o is closed and F Ao holds.

The sequent calculus for one-and-a-halfth-order logic is sound for
this semantics:

Theorem
If=, ¢ is derivable then A — ¢ is valid.
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Conclusions

Using nominal terms, we can:

> accurately represent systems with binding:
e.g. explicit substitution and first-order logic

» specify novel systems with their own mathematical interest:
e.g. one-and-a-halfth-order logic

One-and-a-halfth-order logic:
» makes meta-level concepts of first-order logic explicit
has a sequent calculus with syntax-directed rules
has a semantics in first-order logic
has a finite equational axiomatisation

is the result of axiomatising first-order logic in nominal algebra
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Related work

In Second-Order logic (SOL) we can quantify over predicates
anywhere: more expressive than one-and-a-halfh-order logic.

On the other hand, we can easily extend theory FOL with one
axiom to express the principle of induction on natural numbers:

Pla — 0] AV[a](P D Pla — succ(a)]) D V[a]P = T.

Higher-Order Logic (HOL) is type raising, while our logic is not:
» Pla+— t] corresponds to f(t) in HOL, where f : T — T

» Pla— t][a’ — t'] corresponds to f'(t)(t") where
" T->T—TF

One-and-a-halfth-order logic is not a subset of SOL or HOL
because of freshnesses.
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Future work

Topics:
» Completeness of the sequent calculus with respect to the
semantics.

» Let unknowns range over sequent derivations, and establish a
Curry-Howard correspondence (term-in-contexts as types,
derivations as terms).

» Two-and-a-halfth-order logic (where you can abstract X)?

» Implementation and automation?
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Further reading

[ Murdoch J. Gabbay, Aad Mathijssen:
One-and-a-halfth-order Logic.
PPDP’06.

[ Murdoch J. Gabbay, Aad Mathijssen:
Capture-Avoiding Substitution as a Nominal Algebra.
ICTAC 06.

[ Murdoch J. Gabbay, Aad Mathijssen:
Nominal Algebra.
Submitted STACS'07.
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Just to scare you

(Ax)

(VL)
(StructL) (1)
(VL)

(VR) (2)
(StructR) (3)
(Fresh) (4)

P[b+— c][a+ (] Fesp P[b+— c][a+— (]
V[a]P[b — c] Feup P[b+— c][a— (]
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Side-conditions:

(1) c#P Fgyg V[a]P[b — c] = (V[a]P)[b — ]

(2) c#P = c#V[b]V[a]P

(3) c#P tFgyg V[c]P[b — c]la— c] = V[a]P[b +— a]
(4) ¢ ¢ V[b]V[a]P, V[a]P[b +— 4]
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