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Motivation

Concrete datatypes for puCRL: algebraic specification of booleans, numbers,
function types, sets, tables, etc.

Wish: when reading the equations from left to right, we obtain a complete, con-
fluent and terminating rewrite system

Problem: computing the truth value of universal and existential quantifications
is undecidable
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Motivation (2)

First solution: leave out universal and existential quantifications

Not sufficient when we want to implement more complex data types.

Second solution: find at least a representation of quantifications

Question: can you do anything with these representations?

e rewriting: still research

e equations: completeness
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Overview

e Formal introduction to algebraic specifications
e Specification of first-order logic:

— Propositional logic

— Binding

— Quantifications

e Completeness
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Signatures and terms

Algebraic specification: a description of a number of abstract data types

Signature >.:
- set of sorts S
- set of functions F},, of type S" — S, foranyn € N

Terms T'(%, X),, for each set of variables X, and all s € S:

- everyx € X, isin T(2, X);,

- every ¢ € Fp, of type — s,isin T(X, X),

- ifall t; are in T'(X, X),, with 0 < i < n, then f(ty,...,t,) isin T(3, X),,
forall f € F,, 1, of type sg X -+ X 5, — s,andn € N
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>.-equations and validity

Y.-equations are of following form, for sort s € S and terms t,u € T(3, X),:

t=,u

Validity under a set of X-equations F:

==

Equivalent to: for all computation structures A of > and valuations v of X
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Derivability

Derivability under a set of Y-equations F:

.t =su
Axioms:
(axiom) F,e foralle e &
Inference rules:
(reflexivity) 1t =1
(symmetry) ifl, ¢ =, uthenk, u=t¢
(transitivity)  if I— t=suvandF, u=5vthenk_ t=,v
(congruence) 1f|— ti =s, U thenl— f(to, - .. ) =, flug, ..., uy,)

forallfGFnH,oftypesox ><sn—>s ndnEN
(substitution) ifl_ t =, uthen _ t[x = v]| =, ulx := v]
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Derivability (2)

Contextual congruence:
For all terms t,u € T(X, X ), and contexts C' of sort s

if - t=,uthen - Clt], =y Clu],

Calculational derivation:

Clt]s

=y {hintwhyl_ =, u}
Clul,

=y {hintwhy -, u=,0v}
Cluls

Justification of - C[t], =4 Cv]..
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Soundness and completeness

Soundness:
For all >)-equations e and sets of X.-equations £:

if -, ethen =, e

Completeness:
For all >)-equations e and sets of X.-equations F:

if =, ethen e
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Propositional logic

Sorts: S contains B
Functions:  Fj contains true, false :— B

Ficontains —: B — B

F5 contains A\, V,=, < BXxXB — B
Y-equations: FE contains, for certain variables p, q,7 € Xj:

—p =p P pA-p =g false

p A false =g false pVq =g —~(—p A —q)
pAtrue =gp pA(qVr)=g(pAqgV(pAT)
(PAg)Ar=spA(qAT) p=>q =p-PpVgq

PAq =g g A D peq  =s(p=>q9AN(@=>Dp)
PAP =p D

The above equations can be derived for any term p, ¢, r € T(3, X ).
All desirable properties of true, false, V, = and < can be derived.
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Conditional equations

For every s € S
F; contains ite : B X s X s — s
LI contains, for certain variables z, y € Xp:

ite(true, x,y) =,
ite(false, x,y) =, y

Equations of the form
t =, ite(b, u,t)
are abbreviated to

t=,u,ifb

This abbreviation will also be used in the context of the derivation symbol
and in derivations.

“«aaAr» / department of mathematics and computer science I1/31



I! ! { technische universiteit eindhoven

Binding

Lambda calculus with abstractions to booleans only.

S is partitioned into disjoint sets Sy and Sy_.p of equal size, with:
every s € Sy has a corresponding sort s — B € Sy_p
Sy does not contain sorts with suffix — B

Basic elements, for all sorts s € S
variables of sort s
abstractions of terms in T'(X, X ) over terms in T'(X, X),
applications of terms in T' (3, X ), _p to terms in T'(2, X),
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Basic elements

Positive numbers:
Sp contains N

- functions 1 :— N*, +1 :NT - NTand eg : N* x N* — BB

We assume the following functions, for each s € Sy
variables:  war, of type N* — s
abstraction: A,_._oftype N* x B — (s — B)
application: _._oftype (s = B) x s = B

var(m) will be written as m,
Asm.p binds all free variables n, in p, where F_ eq(m,n) =g true

a-conversion and (-reduction need substitution.
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Substitution

Substitution needs a way to:
tell if variables occur free in terms
calculate fresh variables

We assume the following functions, for each s € Syand s’ € S:
substitution: _[/_] of type s’ X s x N* — &
free occurrences: occ, of type N x & — B
fresh variables:  fresh of type s x B — N*
gfresh of type N* x s x B — NT
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Substitution (2)

E contains, forall s € Syand s’ € S, certaint € X, m,n € Xy+ and p € X,
and all ¢ € Fj of type — &, and f € Fj . of typety X - -+ X t, — &', except for
variables and lambda abstractions, for all £ € N and s” € S, different from s:

n,[t/m] = if eq(m,n)
n,[t/m)| =, n, if —eg(m, n)
(Asn.p)[t/m)] =, B AsT.D, if eq(m, n)
(Asn.p)[t/m] =,B AP, if —eq(m,n) A —occ,(m, p)
(Asn.p)[t/m] =, As.plt/m],

if (meq(m,n) A occs(m,p)) A —ocey(n, t)
(Asn-p)lt/m] =, Afresh(t,p).plfresh(t,p) /n][t/m)],

if (meq(m,n) A occs(m,p)) A occy(n,t)
Ngn [t/m] — s Ngn
()\Snn.p) [t/m] =" B )\Sunp[t/m]
c[t/m] =y cC

fto, .. ti)t/ml =y  f(tolt/m],... t.[t/m])
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a-conversion and G-reduction

E contains, for certain m,n € Xy+,p € Xgandt € X,:
Am.p =, An.pln,/ml, if moce,(n, p)
(Asm.p).t =g plt/m]

Example: For all m,n € T(X, X)y+, the term Agm.(Agn.(ng A mg)).my ex-
presses the identity function of sort BB.

Question: Is this representation of the lambda calculus confluent and terminat-
ing?

“«<Ar» / department of mathematics and computer science 16/31



I! ! { technische universiteit eindhoven

Quantifications

Functions V and 3, both of type (s — B) — B, forall s € Sj,.
Terms of the form V(A ,;m.p) and 3(Aym.p) are abbreviated to V,m.p and 3,m.p.
E contains, for certain m € X+, p,q € Xgandt € X,:

V.m.false =y false

Vm.p =g V,m.p A plt/m]

Vem.(p A q) =g Vsm.p AV ym.q

Vem.(pV q) =g pV V,m.yq, if mocc,(m, p)
dsm.p =g VM.

The definition of the first equation is correct, because every sort s is sensible, i.e.
it has at least one ground term.
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Quantifications (2)

Lemma’s, for all s € Sy and certainm,n € Xy+, p,q € Xgandt € X,:

. Vsm.p =g Vin.pln,/ml], if —occy(n, p)
. Vom.p =g D, if ~occ,(m, p)
=, dsm.true =g true

. Jom.p =g J.m.p V p[t/m]

. 3m.(pV q) =g I;m.pV I;m.q

. 3m.(p A q) = p A Ism.q, if —occ,(m, p)
. Jsm.p =g dsn.pin,/m|, if =ocey(n, p)
. Jom.p =g D, if ~occ,(m, p)
= plt/m] =g p[t/m] A Im.p
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Completeness

Theorem: Forallp € T'(3, X )p:

if =, p =p true then F_p =g true

Indirect proof: For all formulae ¢ and sequents [ from the system of natural
deduction ND and a certain translation function tr:

1 (C1) V' (C2)
F |_ND ¢) ‘<:’ (CB) F IZND ¢

There must exist a corresponding tr(I", ¢) for each p
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Natural deduction: formulae

Formulae are built from the following elements:
- a set of domains Dom;
- a set of free variables /'V" and a set of bound variables BV;
- a set of predicates Pred ranging over elements from F'V U BV;
- the symbols true, false, =, A, V, = and &<;
- quantifier symbols V and J;
- punctuation symbols ( and ).

Inductive definition of Form:
- Play,...,a,) € Form, for any n-ary P € Pred and a; € FV;
- true, false € Form;
- if ¢ € Form, then —¢ € Form,;
. if ¢, ¢ € Form, then (¢ A ), (6 V 1), (¢ = 1), (¢ & ) € Form;
- if ¢ € Form, then Vx,.¢|ay := x4], 3xq4.0[aq ;== x4 € Form,
for any agq € de, Ty € de and d € Dom.
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Natural deduction: sequents and validity

The set of sequents is P(Form).

Definition of validity =, for all ‘consistent’ I' € P(Form), ¢, € Form,
P € Pred,d € Dom and x; € BV:

'k, P iff Ir(P) = true;

[' =, true  isvalid;

[' =, false  isnotvalid;

I' =, 0 iff I' =, ¢ is not valid;

'y @AY iffbothD | ¢and I' = @ are valid;

'y ¢V iffeither ' = ¢or [ = 9 isvalid, or both;

['=, @ = ¢ iffeither I |5, ¢isnotvalid or I' = 9 is valid, or both;
'y @< ¥ iffboth ' =, ¢ and I' =, @ are either valid or not valid;
Iy Vg iffT = olxg .= a4 is valid for any a; € F'V;

['=y, Jrg.¢0 iff T = élzg := a4l is valid for at least one a, € F'V .
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Natural deduction: derivability

Definition of -, for all ', A € P(Form) and ¢, € Form:

Axiom: ¢, ' = @

Thinning: Frﬁl_llf) ¢ 3

I' =, false
(false): FT—ngb

olFw ol FEy 9

=0 I |_ND _'¢
F l_ 11
B
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Natural deduction: derivability (2)

For all I' € P(Form) and ¢, ¢g, ¢1, 9,0 € Form:

Fl_ND¢ 1—W|_NDq7b

(/\I): Fl—Nng/\w
. Fl—ND¢0A¢1 _
(A E): TF. & ,1=0,1
k. &
I): XD =
(\/) Fl—ND¢O\/¢1 & 0,1
(\/E)I Fl_ND ¢\/¢ ¢7F|—ND0 ¢7F|_ND9

A=
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Natural deduction: derivability (3)

For all I' € P(Form) and ¢, ¢y, ¢1, % € Form:

0Tk,
(:>I). Fl_ND¢:>w

F'Fpo=v D'kgo

(= E):

I ¢
¢7F|_ND¢ w’rl_ND¢
N N S P
. I |_ND ¢0 <~ ¢1 c
(& E): Gl Fo s ,1=20,1
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Natural deduction: derivability (4)

For all ' € P(Form), ¢,v € Form,d € Dom, x; € BVyand a; € FVy:

(V 1): TF_ Vljx;g[cfil = , where a,; does not occur in I'
'+, Vg0
vV E): ND
( ) I’ |_ND gb[ﬂfd = CLd]
. I |_ND gb[xd = ad]
CO:—TF S50
(3 E): [Py 3700 T ﬁ[xdq:p: ad), T Py ¥ , where a, does not occurin I, ¢, ¥
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Natural deduction: soundness and completeness

Soundness:
ForallI" € P(Form) and ¢ € Form:

if ', ¢thenl = ¢

Completeness:
ForallI' € P(Form) and ¢ € Form:

if "=, ¢othen ' ¢

This is proof obligation (C3).
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Translation from ND to E

Assumptions:
- every domain d € Dom has a corresponding sort s? € Sy;
- every variable u; € F'V ;U BV ; has a corresponding term m" .,
where m" € T (X, X)y=, forany d € Dom;
- every predicate P € Pred has a corresponding term b” € T'(X, X )g.

Translation of formulae, for all ¢,v¢ € Form, P € Pred, d € Dom and
rg € BV

. PVY =gV

true =g true p=>Y=p¢=19
false =g false ¢ Y=p¢ =Y
¢ =B :‘¢ . V240 =n Vsdmm-@
GNP =g )N d24.¢ =p dem”.¢
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Translation from ND to E (2)

Property, for all p € Form,d € Dom and ug,vy € FV,U BV ;.

Blua = va] =5 Plm’ 0/ m"]

Translation of sequents, for all I' € P(Form):

AT

-

0 —p true o, =g

Definition of tr:

tr(l,¢) if T =g¢,T

Translation of ‘variable u; may not occur in the sequent [

= —oce,a(m®, 1) =g true
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Proof of (C1)

We need to prove, for all I' € P(Form) and ¢ € Form:

if T, ¢ then . T =g ¢ AT

Proof by induction on the structure of the derivability relation .
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Proof of (C2)

We need to prove, for all I' € P(Form) and ¢ € Form:

if ., T =5¢Al then I'=_ ¢

Proof is still under construction.
Idea: proof by induction on the structure of ¢.
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Conclusions

Algebraic specification is a powerful formalism for specifying data types and
properties of functions on these data types.

It is possible to specify a complete first-order logic.

Consequence of the proof of (C1): we can adopt every proved case of the proof as
a lemma, such that we get more intuitive derivations of boolean .-equations.

The main problem of quantifications lies in the binding.

Use the results of the implementation of the lambda calculus and quantifications
to implement other data types such as sets and tables.
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